Abstract. We give the shape of the Donaldson invariants of a general 4-manifold with b 1 = 0 and b + > 1. The resulting expression involves modular forms and matches the physical predictions.
Introduction
2 −4 ∈ A(X) as in [12] . By definition, X is of simple type if the condition D w X (℘z) = 0 is satisfied for any z ∈ A(X). Also X is of finite type when there is some n ≥ 0 such that D w X (℘ n z) = 0, for any z ∈ A(X). The order of finite type is the minimum of such n. All 4-manifolds with b + > 1 are of finite type [10] and the order of finite type is independent of w ∈ H 2 (X; Z) ( [11, theorem 5] ). (1)
where the sum runs over is the set of basic classes K ∈ H 2 (X; Z) and a K are rational numbers.
A conjecture on the shape of the Donaldson invariants of non-simple type 4-manifolds is presented in [7] . In [9] Moore and Witten give the shape of the invariants using physical arguments. This is expressed in terms of modular forms. It is our intention to give a mathematically rigourous proof of their formula.
Let X be a general 4-manifold with b + > 1 and b 1 = 0. By [11, theorem 6] , we know that there is a (finite) set of distinguished cohomology classes K ∈ H 2 (X; Z) (called basic classes) such that for any w ∈ H 2 (X; Z) there are non-zero polynomials p K ∈ Sym * H 2 (X) 
for any D ∈ H 2 (X). The collection of classes K is independent of w and K are lifts to integral cohomology of w 2 (X). In [12, definition 1.4] , the order of finite type of a particular basic class K is defined as d(K) = max{2n|K is a basic class for D ∂ ∂λ p K = 0} = 2 deg p K , where the degree of p K is considered with respect to the variable λ (this will be done in the sequel unless otherwise specified). This number is independent of w ∈ H 2 (X; Z). Note that by [12, theorem 1.7] , one has |K · Σ| + Σ 2 + 2d(K) ≤ 2g − 2, for any embedded Σ ֒→ X of genus g, if Σ 2 > 0 or Σ 2 = 0 and Σ is odd in homology. Finally the order of finite type of X is 1 + max{d(K)|K basic class of X}. We aim to prove the following theorem on the structure of the Donaldson invariants of X.
Theorem 1. Define the following power series in q = e 2πiτ in terms of classical modular and quasimodular forms (see section 4 for a review)
h(τ ) = 1 2 θ 2 (τ )θ 3 (τ ),
T (τ ) = − G 2 (τ ) + e 1 (τ )/2 h(τ ) 2 .
Then for any 4-manifold X with b 1 = 0, b + > 1 and odd, there are power series f K (τ ) in q (uniquely determined up to the term q d(K)/2 ), for each basic class K ∈ H 2 (X; Z), such that for any
, where [·] q 0 stands for the coefficient of q 0 in the Laurent power series inside the bracket and
Remark 2. If X is of simple type then d(K) = 0 for all basic classes and we recover the shape of the Donaldson invariants given in (1).
Remark 3. A corollary to the proof of theorem 1 given in section 5 is the following. LetX = X#CP 2 be the blow-up of a 4-manifold X with b 1 = 0, b + > 1 and odd, and let E be the exceptional divisor.
Then the basic classes ofX are exactly those classesK = K ± (2n + 1)E with K ∈ H 2 (X; Z) a basic class of X and n ≥ 0, n(n + 1)
. This agrees with the results in Seiberg-Witten theory [4] .
Remark 4. Theorem 1 matches the physical predictions in [9] . The following conjectures remain to be proved: for every basic class
, where a(τ ) = (4G 2 (τ ) − e 1 (τ ))/h(τ ) = 16q + · · · and SW (K) is the Seiberg-Witten invariant (see [9, equation (7. 18)]). One may check that f K (τ ) = 2
SW (K) + · · · , so that for simple type 4-manifolds one recovers the usual conjecture.
Our method of proof does not give more information on f K (τ ). This is due to the fact that including any z ∈ C[x] ⊂ A(X), one can run the same proof for D w X (ze D+λx ) to get an expression analogous to that of theorem 1. On the other hand, once we have the result of theorem 1, we always can find z ∈ C[x] to arrange the coefficients of f K (τ ) up to the term q d(K)/2 as we please.
It has been pointed out to the author by Göttsche that the results in [5] are the analogue for 4-manifolds with b + = 1 to our results for 4-manifolds with b + > 1, but in [5] Göttsche and Don
Zagier find out the formula for the analogue to f K . The reason for this is that they use some homotopy invariance (that of the wall-crossing terms) that we do not have here at our disposal.
We also rewrite theorem 1 in the form suggested in [7] . We have the following
be the elliptic integrals of first and second kind respectively, depending on the square of the modulus,
. Then for any 4-manifold X with b 1 = 0, b + > 1 and odd, there are polynomials P K (λ) of degree d(K)/2, for every basic class K ∈ H 2 (X; Z), such that for any
,
The paper is organized as follows. In section 2 we study the Fukaya-Floer homology of the threemanifold Y = Σ×S 1 and obtain some new relations which in section 3 are translated into a structure theorem for the Donaldson series D In section 4 we review the modular forms that we use in this paper and in section 5 we recast the expression obtained in section 3 into a q 0 -coefficient of a power series in q. Using the universality of the expression thus obtained together with the general blow-up formula [3] , we get theorem 1. Finally in section 6 we derive theorem 5 from theorem 1.
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Fukaya-Floer homology
Let us review the results of [10] that we shall use in this paper. For a (closed, connected, oriented) surface Σ = Σ g of genus g ≥ 1, consider the 3-manifold Y = Σ × S 
where
We ultimately want to extract information about the 4-manifolds with b + > 1 and b 1 = 0, so it will be necessary to study the subspace of HF F * g where the relative invariants φ [10] ). Moreover V g is a
R g,r where
Proof. We recall that the effective Fukaya-Floer homology HF F *
with
As V g ⊂ HF F * g , the eigenvalues of (α, β) on V g are a subset of (4), so we have the decomposition
R g,r , where in R g,r , α − (4r + 2t) and β + 8 are nilpotent for r odd, α − (4ri − 2t) and β − 8 are nilpotent for r even. In principle it may happen that some R g,r is zero.
On the other hand, the reduced Fukaya-Floer homology
]-modules of rank 1 such that for r odd, α = 4r + 2t and β = −8 inR g,r . For r even, α = 4ri − 2t and β = 8 in R g,r . As ker(β 2 − 64 :
It is a simple algebra exercise to check that this implies that R g,r is as in the statement of the proposition, with d ≥ 0 being the rank of R g,r .
To check that in fact R g,r = 0, for −(g − 1) ≤ r ≤ g − 1, note that the vector v ∈ HF F * g constructed in [10, proposition 5.7] for k = 0 actually lives in V g , so R g,±(g−1) = 0. Now the inequality (5) below (which holds without knowing a priori that all R g,r , −(g − 1) ≤ r ≤ g − 1, are non-zero) gives the assertion.
As a consequence of proposition 7 the algebra V g is cyclic, i.e. there is an epimorphism
Remark 8. The Donaldson invariants of 4-manifolds
is in the conditions ( * ) then we have the following chain of equivalences
where in the first equivalence we have used that α, β and
Now if we have a 4-manifold X in the same situation with an embedded Σ = Σ g ⊂ X of genus g, one may add a trivial handle to Σ to obtain a new embedded surface of genus g + 1 representing the same homology class. Therefore D There is a natural epimorphism V g+1 ։ V g . This yields in turn epimorphisms R g+1,r ։ R g,r , for any
for g > |r|. Let
(6) If x r < ∞ then there is some g 0 such that R g,r ∼ = R g0,r , for all g ≥ g 0 . If x r = ∞ then the ranks of R g,r get bigger as g → ∞.
Remark 10. Let v = φ w (X 1 , ze tD1 ) ∈ V g satisfying ( * ). We may decompose v = v r , with v r ∈ R g,r . For any integer κ < x r we may find some v such that (β + (−1)
for any genus g ≥ 1 and
, where d > 0 is the rank of R g,r . The seriesŜ r is uniquely determined if x r = ∞. If x r is finite then we impose thatŜ r is a polynomial of degree less or equal than x r − 1. With this extra conditionŜ r is uniquely determined.
Proof. From R g+1,r ։ R g,r it is α − (4r + 2t) − f g+1,r (β + 8) = 0 in R g,r . Therefore f g+1,r (u) is equal to f g,r (u) plus (possibly) terms of degrees strictly bigger than deg f g,r . So there is a single seriesŜ r (u) agreeing with f g,r (u) up to terms of degrees deg f g,r , for all g > |r|.
Remark 12. By remark 8 we have that the seriesŜ r are determined by the Donaldson invariants of 4-manifolds with b 1 = 0 and b
for r odd) 
The sum runs over the set of basic classes of X and P K (λ) are
To start with, let us write
Lemma 14. Suppose we are in the following situation ( * * ) X is a 4-manifold with b 1 = 0 and b
Then there exist polynomials Note that e 
Also we may find examples of ( * * ) with deg λ p r ≥ κ, for any κ < x r .
Proof. Let us suppose D · Σ = 1. Writing X = X 1 ∪ Y A, where A is a tubular neighbourhood of Σ, we are under the conditions ( * ) for v = φ w (X 1 , ze tD1 ) with D = D 1 + ∆. Then by corollary 11
we can find examples where κ is any integer with κ < x r . Using (3), we have
where D r = v r , φ w (A, e t∆+sΣ+λx ) . We translate (8) into differential equations satisfied by D r . Let Using (7) we get the statement of the lemma. The case of D · Σ arbitrary follows readily.
Theorem 15. For any r ∈ Z, we have
Proof. It suffices to prove the statement of the theorem modulo u κ , for any κ < x r . By lemma 14
there are examples of 4-manifolds X in the situation of ( * * ) such that
[u] of degree at least κ (we do not write explicitly the part corresponding to e −2λ ). Let us argue that we may suppose that z does not appear in (10) 
where p K (tD + sΣ, λ) is a polynomial in all t, s and λ. Comparing (10) and (11) 
for some p r (λ, t) (different from the previous ones). Comparing to (11), e 
Now (11) becomes
for some polynomials f rp ∈ C[t, s, λ]. For some integer p the degree of f rp in the variable λ is at least κ. Then lemma 14 applied to both embedded surfaces Σ and D implies that e (D·Σ)ts+2rs+2pt f rp (t, s, λ)
is killed by the differential operators
kills f rp (t, s, λ) (the prime denotes derivative with respect to the second variable). Writing S r (u, t) = S r,i (u)t i we see that S r,i ( ∂ ∂λ ) must kill f rp for i ≥ 2. Therefore S r,i (u) = O(u κ+1 ), for i ≥ 2, as required.
The proof of theorem 15 also yields that x r = 1 + sup{d(K)/2|K is a basic class of some 4-manifold X with b 1 = 0 and b + > 1 such that there is an embedded Σ ⊂ X odd in homology, with 
which has Σ 2 = 0 and it is odd in homology.
, is a basic class ofX and from [12] 
Choosing a i conveniently, we can get any even number between
With M large enough we cover all even numbers. Therefore there is a basic classK for some blow-up such that
This concludes the proof.
Remark 17. The construction in the proof of proposition 16 can be adapted to find a 4-manifold X with two embedded surfaces Σ i ⊂ X, i = 1, 2, odd in homology and with Σ 
Theorem 18. A r (u) = rA 1 (u) and B r (u) = B 0 (u), for any r ∈ Z.
Proof. It suffices to prove the statement of the theorem modulo u κ for any κ < x. There are two cases
• r odd. By lemma 14 and theorem 15 we may find X satisfying ( * * ) with z = 1 and • r even. By remark 17, there is 4-manifold X with a basic class K with
(mod 2) and w · D ≡ 1 (mod 2), satisfying K · Σ = 2r and
where f rp (s, l, t, λ) is polynomic in s, l and λ. Choosing H generic, the term f r1 (s, l, t, λ) has degree bigger or equal than κ in the variable λ. By lemma 14 applied to Σ, D and Σ ′ = Σ − rD (using here that r is even), e 2rs+2l+(sΣ+lD)·tH f r1 (s, l, t, λ) is a solution to
kills f r1 (s, l, t, λ). As this works for H generic, all three expressions in between parentheses vanish, i.e. A r = rA 1 and B r = B 1 = B 0 .
Proof of theorem 13.
We put A(u) = 1 + [11] , it is enough to prove the statement for some blow-up X = X#mCP 2 of X with exceptional divisors E 1 , . . . , E m and somew ∈ H 2 (X; Z) of the form
So by step 2 of proof of theorem 6 in [11] , it is enough to prove theorem 13 in the case where X is a 4-manifold with b 1 = 0, b + > 1 such that there is w ∈ H 2 (X; Z) and a subgroup H = Σ 1 , . . . , Σ n ⊂H 2 (X; Z) with 2H 2 (X; Z) ⊂ H, Σ 2 j = 0 and w · Σ j ≡ 1 (mod 2), 1 ≤ j ≤ n. Represent Σ j by an embedded surface of genus g j and apply lemma 14 simultaneously to all Σ j to get 
Review of modular forms
We are going to review the notations and results on modular forms that we shall use in this paper. For general background on modular forms and elliptic functions see the books [1] [8] . In general, we follow the notations of [5] but we shall point out the differences.
Let H = {τ ∈ C|Im(τ ) > 0} be the complex upper half-plane. For τ ∈ H let q = e 2πiτ and q 1/n = e 2πiτ /n . We denote σ 1 (n) = d|n d and by σ odd 1 (n) the sum of the odd divisors of n. Let
be the classical Eisenstein series. This is a quasi-modular form, i.e.
be the theta functions. In general we shall also write θ i (τ ) = θ i (τ, 0), i = 1, 2, 3. These are the theta functions of [1] and coincide with those of [5] except for the factor of −i in θ. The theta functions are labelled as θ 1 , θ 2 , θ 4 , θ 3 in [8] and [9] (moreover in [8] the factor of π in the exponentials does not appear, so that e.g. θ ′ (τ, 0) for us corresponds to πθ ′ (τ, 0) in [8] ). Also let η(τ ) = q 1/24
where G 2 (τ ) = −q d dq log η(τ ) follows by term by term logarithmic differentiation in the definition of η(τ ).
Finally let e 1 , e 2 , e 3 be the 2-division values of the Weierstrass function at 1/2, τ /2 and (1 + τ )/2 respectively, i.e.
The right hand side equalities follow from [1, Chapter V, (5.6)], taking into account that our functions e i (τ ) are those of [1] divided by a factor −4π
In [5] the following functions are introduced
Theorem 20 ( [3] ). Let B(x, t) = e − t 2 x 6 σ 3 (t) and S(x, t) = e − t 2 x 6 σ(t), where σ and σ 3 are σ-functions associated to the elliptic curve with g 2 = 4(
3 −36x 27
. For any 4-manifold X with b + > 1 and b 1 = 0, letX = X#CP 2 denote its blow-up and let E stand for the exceptional divisor. For w ∈ H 2 (X; Z) we have 
.
Proof. This is an exercise in modular forms. We shall prove only the second equality, the first one being similar. Put ω 1 = 2πif (τ ) and ω 2 = 2πiτ f (τ ) and let us find the invariants g 2 and g 3 associated to the lattice L = Zω 1 + Zω 2 . For brevity, set x i = θ 
Therefore putting x = U (τ ) the σ-functions of theorem 20 correspond to the lattice L. Now by [1, Chapter V, theorem 2],
and by [8, formula (6.2.7)] and (13),
Proof of Theorem 1
In this section we shall prove our main theorem. For this let us rewrite the expression of theorem 13 as a coefficient of q 0 of a Laurent power series in q = e 2πiτ .
Lemma 22. Let V (τ ) = n≥0 a n q n be a power series in q with a 0 = 2 and a 1 = 0. Let N (τ ) = A(V (τ )− 2) and M (τ ) = B(V (τ )− 2) which are formal power series in q. Then for any 4-manifold X with b + > 1 and b 1 = 0, and K ∈ H 2 (X; Z) a basic class for X, there exists a uniquely determined
, where [F ] q 0 stands for the coefficient of q 0 of a Laurent power series F (q).
Proof. Let P (D, λ) stand for the left hand side. Then P is characterised by being a solution of
for any D, H ∈ H 2 (X). Now
since the series V (τ ) − 2 equals a 1 q plus higher order terms. The condition a 1 = 0 ensures that varying f K (τ ) in the polynomials of degree d(K)/2 we get a basis for the solutions to (16). So there exists exactly one f K (τ ) as required.
Remark 23. Although in lemma 22 we are supposing that f K (τ ) is a polynomial in q, we may let f K (τ ) be a power series instead. The coefficients will be determined only up to the power d(K)/2.
To find V , N and M we shall make use of their universality and the blow-up formula. For this we need to re-express the blow-up formula. Let us define the following functions similar to (15)
Lemma 24. We have
Proof. We consider the transformation τ
. This is what in physical terms corresponds to changing from "magnetic" variables to "electric" variables. Using the modular behaviour of the theta functions [1, Chapter V, section 8] and the quasi-modular behaviour of G 2 , we have
Applying the transformation to the formula in proposition 21 we get
, and simplifying
we get the statement. The second line is proved analogously.
h(τ ) 2 as above. Then M (τ ) = 2T (τ ) and N (τ ) = 1/2h(τ ). So for any 4-manifold X with b 1 = 0 and b + > 1 and odd, and w ∈ H 2 (X; Z), there exist polynomials
Proof. Fix w ∈ H 2 (X; Z). LetX = X#CP 2 be the blow-up of X, with exceptional divisor E. Then theorem 20 and lemma 22 say that
Now by lemma 24, f K (τ ), for any w ∈ H 2 (X; Z). Here f K (τ ) = f K,0 (τ ).
Proof. LetX = X#CP 2 be the blow-up of X, with exceptional divisor E and let w ∈ H 2 (X; Z).
We are going to relate f K,w with f K±E,w and f K±E,w+E , for a basic class K of X. From the proof of proposition 25 we see that f K+E,w (τ ) = f K−E,w (τ ) = f K (τ )/θ 1 (τ ). On the other hand D (−1) n q 1 2 n(n+1) (e (2n+1)t/2h(τ ) − e −(2n+1)t/2h(τ ) ), so f K−E,w+E (τ ) = f K (τ )/θ 1 (τ ) = −f K+E,w+E (τ ). Therefore f K+E,w+E = −f K+E,w and f K−E,w+E = f K−E,w . The arguments in step 4 of the proof of theorem 2 in [11] now carry over. In the third line we have used (14) to get
2 .
Using (19) we reexpress (18) as

A(−4k
2 ) = π/2K B(−4k 2 ) =
2E−K K
This completes the proof of theorem 5.
Remark 27. The formula obtained in theorem 5 may be rewritten in the form given in [7, conjecture] (hence providing a proof of their conjecture), but the cohomology classes K i appearing in [7, conjecture] are the basic classes of X and some multiples of them.
